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Phase-field method with elasticity

@ The eigenstrain is given by

o e ..
Eij = €0;j

@ For spinodal decomposition, we generally assumes that
Eij = n(c — ¢o)dij

where

_ lda

N adc

a is the lattice parameter.

@ The stress is
oij = Cijri (e — n(c — co)0mt)
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Incorporate elasticity in free energy

@ The free energy for Cahn-Hilliard equation with consideration of
elasticity is

F:/ [£(6) + Weleijs €) +5|Vel2]dV
\% S———

elastic effect

@ To make total amount of ¢ conserved,
/(c —Co)dV =0
@ Finally, we reach
P /V [7(c) + Welej, ) + KVl — M — co)]dV
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o At equilibrium
5/We(z-:ij,c)dV =0

oW, oW,
- / [afij it e 60} v

= / |:O'ij56ij + 881/10/660] dv

e First term of RHS of (1) is
1
/O’Z‘j(sé‘ijdv = /0’@'25(114'7]' +Uj7i)dv
= /aijéui,jdv:/aij(éui),jdv
For further development,

(04j0ui) j = 035 j0ui + 0 (6us) 4
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@ By divergence theorem,
/(aijéui),jdv = /aijnjéuidS (4)
e Combine (2) to (4),
/O’Z‘jéEZ‘jdV = /aij(éui),jdv = /(Uijéui),jdv—/aijvjéuidV

= /aijnjéuidS—/aijﬁjéuidV
(5)
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@ The elastic energy

W, = %aklsil = %Cijklgfjglecl
= %Cz’jkl(Eij — (e — ¢0)diz)(ekr — n(c — o)1)
@ The derivative
% . = %Cijkl —nij(ert — n(c — co)0rr)
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= —Cijrndij(er — n(c — co)Okr)
= —Cjjrn(er — n(c — co)0)

= —10jj
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@ Derivative of the free energy becomes

To satisfy it,

A=

@ Since

of
OF = / [|:8C - HVZC —Noj; — )\:| dc — O'ijJ'(sUj dV
+/Uijnj5uid5 =0
of
de KVZe—noj 0y =0 oynjla=0
J=—-MVA % =v-J
0 0?
8—; =M 9o ‘;CVQC — nv%ﬂ — kVic
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Mechanical equilibrium condition

e How do we determine o;7?
0ijj =0 (6)

oij = Cijii(er — nOri(c — co)) = Cijra (ury — n0gi(c — co))

0ij; = Cijii (k1 — nc,j0k) (7)
oc
o= ¢

e Combining (6) and (7), we reach
Cijriu,i; = Cijrnc, ok (8)

Linear equation for uy,;;, however it is coupled.

@ Coupled linear problem can be relatively easily approached by the
Fourier transform. NIE
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Fourier transforms, not worry about boundaries at co.

D%y,
Ukl = 7—F—
o 0x10x;

Take Fourier transforms of wy, ;

0%y,

—ik-x ~
R emikexgy — —fk;
dwdx; . Ttk

(8) can be rewritten after taking Fourier transform,
Cijrikikjur (k) = inCijrik;c(k) o

Three equations (k = 1,2, 3) for three unknowns.
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Cramer's rule

@ For the linear problem

AU=b
where
ail a2 a3 ~ U1 b
A = |a21 ago ag3 U = fLQ b = b2
asy agz as3 U3 b3

A’ is a matrix with column i replaced by b.
Y
YAl
Ai = Cijrikik;
A" = biN;
where Nj; is the cofactor matrix. T
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@ Proceed to

bi a2 ais
1
|AY] = |by az ax| =bh
bs az2 ass

‘A2| = ilemk(smkné(k)klNij

5 N;;
@i (k) = iCimmnkic(k )]A\

ajz @13
a32

a2 a23
azz2 ass

+ by

A|

Introduce €;; =
ti(k) = 1Cjimmnkic(k)Q;
Finally we have
Ors = Crapl (uk,l(x) - U(C(X) - Co)ékl)

with

up(x) = / ap(k)e™*dk  e(x) —co = / c(k)e™*dk
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@ Proceed to

Ors (X) = Crskl

i / yiig (K)e™*dk — / é(k)eik'xékldk]

= Urskl

77/Cjnmmk‘lankjé(k)eik'xdk—n/é(k)eik‘x(skldk]

= rskln/ [Cjnmmklkngkj _5kl} E<k)elkxdk

@ Then Cahn-Hilliard equation becomes

gj =M [f”(c)c,ii — NOkkii — HC,u‘u‘]
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@ Take Fourier transform

7rsx) = [ Gral9enai

Ors u /k20rs 7Jk.xdk
/kanrsoz[ ]lmnklk QO] 50]] (k)eik.xdk

Okl “ / kQT]B zk xdk

where
B(k) = —Ckkoi [lemmklkjﬂoj — (50]‘]
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@ We have the relation
e(x,t) = é(x)e?®?

@ Cahn-Hillard equation becomes

0¢(x)
ot

= —M[(f” + B(k)n?)k? + nkﬂ ¢(x)

where
a(k) = =M [(f" + BR)p)k? + sk’

q(k) now depends on the crystallography.
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o If

hold for all &,

if f <0, B(k) > 0 then it is possible for the system to be stable

even though f” <0

" +n*B(k) + kk* < 0

f"+n*B(k) <0

Coherent
miscibility

Incoherent
miscibility
gap

Chemical
spinodal

Coherent
spinodal
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e B(k) can be anisotropic.

@ For cubic crystal the anisotropy factor is

2C4 — C11 + Ch2

<100> elastically soft
<111> elastically hard
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@ For cubic crystal, we can generally say

B C11 +2C12
C11 + 2(2C4s — Cu1 + Cr2)(k3k2 + k2k3 + k2k2)

1
B(k) = 5(011 +2012)772 3
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