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Effects of elasticity on Phase transformations

@ Source of stress 1: Lattice parameter can be a function of
composition: Lattice planes are continuous, no dislocation.

@ Source of stress 2: Difference in lattice parameters between two
phases: Eigenstrain, misfit strain
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@ Make 3 phase lattice parameter match « - coherent.
e Eigenstrain

a® %
a phase.

where a” is lattice parameter of 3 phase and a® is lattice parameter of
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Elastic stress surrounding a coherent spherical precipitate

Coherent lattice
Dilatational misfit
Linear isotropic inhomogeneous elasticity

Inhomogeneous elastic constant of « and 3 can be different.

Spherical particle
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@ Strain is related to the gradients in the displacement

£ij = §(uz~,j +uj;) 3 x 3 tensor
ou;
Yig = ox;
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Hooke's law

o With 4th-order rank elastic constant
0ij = Cijricki
implicitly means (Einstein notation)

3 3
o= Y Cijkich

k=1 1=1
@ For isotropic materials
Oij = )\skkdij + 2,u5ij
where X is Lame's constant and p is the shear modulus.
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Mechanical equilibrium

e Condition for equilibrium
V-lo]=0—=04,;=0
@ For an isotropic material
A+ @)V(V -u) + puV3u =0

@ In spherical coordinates, for spherical particle at o — 3 interface
coherent
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o Force balance at interface

B

rr

(R) — 0% (R) = — 2

@ For spherical particle and assume the spherical symmetry

u=ur
then the force balance equation becomes

d?u  2du  2u

Bl ke |
d7“2+7"d7" 72
d [ 1 d(r’u) d(r?u) ' 9
—_— — e :A
dr[rQ dr ] 0= dr "
B
u:AT+7
r

Kunok (KHU) Phase-field model December 27, 2024

NE

10/19



When r — 0, u have to be finite. Therefore, B = 0.
When r» — oo, u — 0. Therefore, A =0

Therefore,
B
ub = Ar ut = —

According to continuum mechanics,

du U
57‘7":% 599:5¢>¢>:;

Eigenstrains, misfit strains

Eij = Efj + Efj
~ N ~—

Total strain compatible  elastic strain  eigenstrain

By Hooke's law
CijEU kal( —€45)
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@ Assuming no holes or overlap of material
1
eij = 5 (i + ujq)
o For isotropic materials and assume €7, = £4;;
= Ne} 0ij + 2u’el, — 3KPed;
where K7 is bulk modulus of 3 phase.
o5 = A%epi0ij + 2uef;
In other notations, we have
0% =0ty = 0% = 053 = (Cfy +207)e” (1)

where

o [0 o o
€ =¢&11 = €22 = €33
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@ Note that
CHZ)\—FQM Cia =)\
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@ Inside precipitate,

0B = N[l + gy +eby] +2uPel, — 3KPe

rr

B B Jéi
=)\’ |:du+ 2“] _|_2M5ddi — 3KPBe
T T

dr
= M[A+24] +24° x A - 3KP¢
=3KP(A—¢)
where 5 5
3

@ For matrix

du®  2u® du®
0-7?7" _)\a |:d+:| +2,U/QW
e[ 2B 28] 4B __ 4B
3 3 3 3

NE

Kunok (KHU) Phase-field model December 27, 2024 14 /19



o At interface

N 4u°B
UTT(R) - R3
@ Apply force balance at interface
4u*B 2
J,@T(R) — o (R) = /;%3 + 3K’B(A —g) = —ff

@ Displacement condition

u*(R) = u’(R) — AR = B - am

RQ
e We have
- 3KPs —2f/R
© 3KP +4pe
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Evaluating stress and strain

@ Inside the particle
B

00 = oy =4
of = age = (7¢¢ =3KP(A—¢)
where
__1Va-va
3 Vo
@ For matrix,

du 2B B

5%:%_—7?3 53‘9:5@:73
4Bu® B

O-gr = - TS Opg = U¢¢ - 2/1'& (T3>

@ Note that

Ufr—l—ag‘g—i-ag(b:O \I|J
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Stress in precipitate

@ Stress field and strain field are constants.
@ Pure hydrostatic pressure.
@ Assume no surface stress f = 0,

3KPe 3 —4pue
= ——— g = —-————-
3KP + 4u~ ™ 3KP 4+ 4pe
@ For case ¢ > 0 — o, < 0, it means particle is under compression.
Vil > vo)
@ Forthecaseof f#£0and e =0
1 2f 8 _ 8 2f
The pressure inside the particle
1 2f
B _ = -2/
P 30’“’“ R NE
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Stress in matrix phase
@ Pure shear stress
orr =0

B

hydrostatic
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Stress at interface

~  3KB(A- o)

= 2Ap%

NE

Kunok (KHU) Phase-field model December 27, 2024 19/19



	Eshelby's inclusion theory
	Eigenstrain
	Mechanical Equilibrium and Eshelby inclusion theory


