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Free energy of binary two-phase system

@ Assume the binary two-phase system, introduce the parameters,
concentration ¢(r,t) and the non-conserved order parameter ¢(r,t)
and the free energy is

52
= [f(c,¢>+wg<¢>+2!w!2 a0 1)
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Governing equations

e Two governing equations are needed. The Ginzburg-Landau equation

is
do(rt) - 6f(c.9)
ot - M¢ 6¢ (2)
@ The flux of the solute is
bc
@ Applying the mass conservation,
de(r,t) 6f(c,9)
ot V- MaV dc (3)
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Wheeler-Boettinger-McFadden model

@ Proposed by Wheeler, Boettinger and McFadden.
@ Egs. 2 and 3 are simplified by

1 9¢(r,t) 0f(c,¢)

A0 g () - D
ac(art’t) ~V. [Mdvgf E;C’ ¢)] (5)

@ The concentration have to be given by mixing rule, excluding
dependence of time,

() = calDR(6(r)) + ca(r) [1 = n(6(1))]
@ In WBM model, we assume that
ca(r) = cs(r) = c(r)

: . (|
namely, equal concentration condition. &
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Wheeler-Boettinger-McFadden model

@ The driving force for WBM model is gradient (temporal gradient) of
diffusion potential where the diffusion potential() is

ftr, 1) = 2169)

@ Since the concentrations of different phases have to be equal at the
interface, and free energy of each phase is not generally equal,
therefore, the gradient of diffusion potential have to be abruptly
changed in the interface regime.

@ Since only one concentration needs to be known per location, required
computational resources are low. However, there is a weak point in
terms of numerical stability in the interface.
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Wheeler-Boettinger-McFadden model

@ The free energy is

Fle,d) = h(9)f(c) + (1 = h(e)) f(c) (6)
@ The phase field equation is
1 9¢(r,t) 9f(c, )

= 52V2¢ —wg'(¢) — W

= V20— wg'(9) — (£(c) = F ()M (#)

@ The diffusion equation is

M, ot

dc(r,t) af(c, d)
oV MV
“c Bl
=V MV h(gb)afac( ) + (1 - h(¢))afac( )
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Wheeler-Boettinger-McFadden model

@ The relation between the diffusivity of solute and mobility is

2y = DO _ D)

T 2f/d2 T fu

then the diffusion equation becomes

Oc(r,t) _ o D) 9/(c.9)

ot ' fee Oc
=V Df(qﬁ) (feeVe+ fes V)
=V -D(¢)Ve+ V- fc¢f(¢) Vo

@ The first term in RHS means the diffusion by concentration gradient

and second term indicates the solute redistribution at the interface. a
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Equilibrium concentration of WBM model

@ Under the equilibrium, two equations have to be satisfied.

2
2P0 g (6) + fy(e.0) @
x
d d
— [Mddxfc(c, 6| =0
where 0f (c,0) 0f (c,0)
¢, _ ¢,
f¢(c’¢) = 8¢ fC(Ca¢) - ac
@ The diffusion potential at equilibrium is
fele,d) = i
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Equilibrium concentration of WBM model

o Take integration of Eq. 7 with respect to z,

e (dg’
2 \ dx
o At z — +o0, then ¢ =0 or 1 and

¢ _
dx

= wg(¢p) + /_OO fol(e, ¢)%daz

T=—00

r=—00

0 g(1)=g(0)=0

therefore, we have

//3 fole, 8)dp =0

with a, 8 means two bulk regions.

e By chain rule,

df (¢, ¢) = fodd + fedc — fodo = df — i°dc NIE
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Equilibrium concentration of WBM model

@ Therefore,

/;fas(c,¢)d¢=/;(df_ﬁedc):/ﬁadf_ﬂe/ﬁ"‘dczo

Assume that left side is bulk solid and left side is bulk liquid,
f(ea,0) = f(eg, 1) = (ca = cg)i® =0
e From Eq. 6,
fleg 1) = F7(ca)  fleas0) = F*(ca)
the diffusion potential under equilibrium is

o = () = 17(cp)

Ca —CB
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Equilibrium concentration of WBM model

@ Take the derivative with respect to ¢ of Eq. 6,

() - ()

e __ €
e — 5

fe(cs) = £2(cg)

@ At the interface, the solute concentration vary continuously from c§ to

Be (¢ a(ce) — fB(cs
p 2 1 1 - eyl (Ce)_f%(ﬁ)
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Interface width of WBM model

e Multiply d¢/dz to Eq. 7 and integrate with respect to = at interval

[~ o0, ].
2 ()

@ In the limit x = —©

=

r=x - d¢

T=—00

= wg(¢)

T=—00

a6 _

o=1  L=0 go=1)=0

therefore,
2

2 d ¢ T=
F(5) = oo+ [ gdo=woter+ [ (@ - )

= wg(@) + (f(e.0) = F(5:1)) = (c— 5
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Interface width of WBM model

@ When concentration is represented by order parameter ¢ is ¢(¢) then

2 2
% <;li> = wyg(¢) + f(5(¢)7 <Z5) — f(c%, 1) — (5(¢) _ c%)ﬂe -
= wg(¢) + W(o)

where
W(¢) = f(&(9),¢) — f(ch,1) — (&(¢) — i) i®
and wg(¢) is double-well potential.
@ When ¢ = 1, we have
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Interface width of WBM model

@
G Py

PZ
Py
)

Q
g () Cq c
¢p=1 $=0

Free energy

Figure: Free energy of two phase system
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Interface width of WBM model

@ In Figure in previous slide,
PQ = f(e(9))  PQ=[(e0))
e From Eq. 6,
F(&9),¢) = h(®)fP(&(¢)) + (1 - h(9)) f*(&(9)) = PQ

which f(E(gb), (;5) depends on h(¢) which is volume fraction of /3
phase.

o We have
P5Q = f(cﬂv 1)
@ Since [i¢ is slope of common tangent line,

Pibs = (2(0) - )i

therefore,

W(¢) = PoQ — PsQ — PyPs = PPy NIE
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Interface width of WBM model

e From Eq. 8§,

W 2 o) W) )

@ When the width of interface is 2€ in other words, ¢, < ¢ < ¢y,

3
2{2/ dx
—£
ba

__ € d¢
=2l Vas@o) 1@ (19)
_e (M4
V2 s, Vwg(9) + W(9)
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Interface energy of WBM model

e From Eq. 8, we have

2 2
wglo) + £(e(0).0) = 5 () +7(50) + (6(60) - )i

o Plug it into 1,
d 2
re L[ st -
© The excess energy per area is
GXS oo d 2 . ) . .
A :/_OO [€2<d(§> +f(cﬁ,1)+(c(¢)_cﬁ)4dx

—/0 fﬁ(cg)dx—/oofa(cg)dx

—o0 0 NE

dQ?
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Interface width of WBM model

@ The number of excess solute atoms at interface is

s 1 00 ~ 0 . 00 .
Aol é(¢)dx — . cpdr — ; codx
@ The interface energy is
00 d¢ 2
2
= — ) d
== (&)

0 /de 2 da O/ de
_ 2 _ 2
7=¢ /1 <d:v) d¢d¢_€ /1 (dm>d¢

o With Eq. 9, 1
o= ey / Vwg(@) + W(g)do (1
0
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Interface width of WBM model

@ From Eqgs. 10 and 11,

b do
o b \Jwg(e)+W(9)

"2 T Jug(@) + W(d)do

e wg(¢) is manageable, however, W (¢) is not. It is determined by the
formulation of free energy of each phase.

2€

o Interface energy depends on bulk energy in WBM, which is quite
challenging.
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