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Solution for small fluctuation case

@ Assume the small fluctuation,
c(x,t) = co +ec(x,t) ex1
Oc O oc
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@ Therefore,
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then we have
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@ Recall Fourier transform,

&z, t) = / O (k,t)e*dk
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o Take forward Fourier transform

0 yw, 1d g, 1 dB(k,1)
ot T m (x’t)e v =
1 [ §2eetk k2
g dr =2
o 52 dr = (k,t)
8406 k*
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@ Then Cahn-Hilliard equation becomes

dd(k, 1)
dt

_ —M[k:2 F(co) + 2,4;194} ®(k, 1)

@ Initial condition is
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@ The solution is
o(k,t) = d(k,0) exp [ — M(f"k* + 2%4)75]
e Finally, we can calculate fluctuation
&(z,t) = / h ®(k,0) exp [ — M(f"k* + 2kk*)t] exp (—ikz)dk

@ Whether a fluctuation grow or shrink depends on sign of
—M(f"k? + 26k%).

@ Introduce the amplification factor

2
q=—M(f"k* + 2kk*) = —D<k2 + ;jk4> D=Mf"
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e « regularizes the diffusion equation.

dg
ke)=0 — =0
Q( C) dk; ko,
q
j_-u O
0 T~
T ki k. k
\\ f” =0
N\
Classical diffusion \
N
\

NE

Kunok (KHU) Phase-field model November 18, 2024 8/17



@ ky, is the wave number with maximum growth rate.
@ When k > k., then ¢ < 0 means all fluctuation will shrink.
@ When k < k., all fluctuation will grow.

FE2 4 26k =0 = K2(f" + 2kK2) =0

B fl/
he = 2K
dq
=0 — 2k, f" + 8kk3 =0
Ik - — [+ 8kk;,
2k (f" + 4KE2) =0
f/l kc
km = —_—— =
4k 2
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Diffused interface approach

e Compute the interfacial profile through a planar interface.

@ Free energy of the interface is the excess energy associated with the
interface, subtract from I the energy associate uniform composition

up to the interface.
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@ Interface energy is given by

g =

Fnonuniform _ Funiform

A

g,

oo 2
fle)+ f@(ji) dx

—00

@ To minimize F', o have to be minimized.
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e To obtain ¢(x) within the interface region, we get Euler-Lagrange
equation )
b0 _0f(0) _, dc
oc Oc dz?
enforce conservation of mass by saying the composition go to the
equilibrium compositions at +oco.

=0

@ Integrate the Euler-Lagrange equation

2
/ 0f(c) dc — 2K ﬂdc =A

Oc dz?
d?c de
fle) —25/ 122 dxda; =A
we have
d (de\? _de dc
m(m) =20 a2
finally,
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@ In the limit x — £o0
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Analytic solution for double well potential

@ Start from

o

dc

2
)

Rl

2
W? _o
dx

@ To obtain analytic solution, we do not use regular solution model. We
will use polynomial approximation, so called Landau expansions.
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@ To obtain the equilibrium value,

of |
ap 07 o=L0;5

@ E-L equation becomes

A ,  (do\*
) () = a0 o~ n(22) <o
d AP2(1 —
(d¢>) ¢*(1 ] d¢ \f¢ 1-9)
X K
dp [ [A B 1 _\/Z
/¢(1_¢)—/\/:dx—> 2tanh™" (1 — 2¢) = K:L'
2 — 1 = tanh !\/Z‘r]
K 2
1 1 K
= 2+2tanh[26] where 5:\/; -
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0.5+0.5+tanh(0, 5=}
0 5+1 B+tanhix)
0.5+0.5+tanhi2=x)
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e To evaluate interfacial energy

do 1 2 (YA o L a2 (E
dr 2 [1 tanh <25>] 25~ 49 [1 tanh (25)]

@ Therefore,
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