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Gibbs Phase Rule

There are restrictions on the maximum number of phases that can
coexist at a given T and p or on the number of thermodynamic
variables that can be independently varied at equilibrium.
When n number of components, ψ number of phases, there are
(n− 1)ψ number of independent chemical potentials because there is
one Gibbs-Duhem relation that relates the n chemical potentials of the
n components within each phase.
There are two additional thermodynamic variables T , p, therefore,
number of degree of freedom (NDF) of multicomponent multiphase
mixture is

NDF = (n− 1)ψ + 2− n(ψ − 1) = n− ψ + 2

A triple point of a p− T phase diagram for a material with a fixed
chemical composition,

NDF = n− ψ + 2 = 1− 3 + 2 = 0
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Gibbs Phase Rule

Since
NDF = n− ψ + 2 ≥ 0 → ψ ≤ n+ 2

so
ψmax = n+ 2

For a single-component system, n = 1, the maximum number of
phases that can coexist at thermodynamic equilibrium is 3.
Along the phase boundaries of a one-component p− T phase diagram,

NDF = n− ψ + 2 = 1− 2 + 2 = 1

Within the single-phase field of a phase diagram

NDF = n− ψ + 2 = 1− 1 + 2 = 2

which implies that one can vary both T and p simultaneously without
leaving a single-phase field.
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Claperyon Equation

In p− T plot, at α/β phase boundary, we have

µα(T, p) = µβ(T, p)

Since we have,
d∆µ = −∆sdT +∆vdp

at phase boundary,

0 = −∆sα→βdT +∆vα→βdp

Therefore,
dp

dT
=

∆sα→β

∆vα→β
=
sβ − sα

vβ − vα
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Claperyon Equation

By second law, for a reversible process,

∆sα→β =
Qα→β

Tα→β
e

where Qα→β is the heat released or absorbed for the transition of one
mole of α phase and β phase, and Tα→β

e represents the equilibrium
transition temperature at a given pressure.
At constant pressure,

Qα→β = ∆hα→β

therefore,
dp

dT
=

∆hα→β

T∆vα→β

which is the Clapeyron equation.
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Claperyon Equation

In general, for a transition of a lower temperature phase to a higher
temperature phase, the heat of the transition is positive,

∆hα→β > 0 ∆hβ→γ > 0

if ∆v > 0, then slope of phase boundary at p− T diagram is positive,
and when ∆v < 0, then it is negative.
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Clausius-Claperyon Equation

Considering a phase transition of a liquid(l) to vapor(v). Since

∆vl→v = vv − vl ≃ vv

proceed to
dp

dT
≃ ∆hl→v

Tvv

From 1mol ideal gas law,

vv =
RT

p

proceed to
d ln p

dT
=

∆hl→v

RT 2

which is the Clausis-Clapeyron equation.
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Clausius-Claperyon Equation

The normal boiling point Tb of a liquid is the temperature at which
the liquid is at equilibrium with its vapor phase at 1 bar. The heat of
evaporation at the normal boiling point is labeled as ∆h◦b .
Assume the heat of evaporation only depends on temperature,

∆hl→v(T ) = ∆h◦b +

∫ T

Tb

(
cvp(T )− clp(T )

)
dT = ∆h◦b +

∫ T

Tb

∆cp(T )dT

When ∆cp(T ) = 0 then ∆hl→v(T ) = ∆h◦b , the heat of evaporation is
independent of temperature, then

d ln p

dT
=

∆h◦b
RT 2

→
∫
d ln p =

∆h◦b
R

∫
dT

T 2

proceed to

ln p = −
∆h◦b
RT

+ c
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Clausius-Claperyon Equation

At p = 1 bar and T = Tb,

ln (1) = −
∆h◦b
RTb

+ c = 0 → c =
∆h◦b
RTb

then

ln p =
∆h◦b
R

(
1

Tb
− 1

T

)
When ∆cp is assumed to be a constant rather than 0,

∆hl→v = ∆h◦b +∆cp(T − Tb)

The Clausis-Clapeyron equation becomes

d ln p

dT
=

∆h◦b +∆cp(T − Tb)

RT 2
=

a

T 2
+
b

T

where
a =

∆h◦b −∆cpTb
R

b =
∆cp
R
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Clausius-Claperyon Equation

Then we have
ln p = − a

T
+ b lnT + c

At triple point, we have

µs(T, p) = µl(T, p) = µv(T, p)

and we have

ln ptr = −a
l→v

Ttr
+ bl→v lnTtr + cl→v

ln ptr = −a
s→v

Ttr
+ bs→v lnTtr + cs→v
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Size Effect on Phase Transition Temperature

For a nano-scale material, the contribution of surface energy to the
phase transition temperature cannot be ignored. The chemical
potential of a spherical particle is

µsr =
2γslv

r
+ µs∞

where µr is the chemical potential of a particle with radius r, µ∞ is
the chemical potential of a solid with infinite size, γsl is solid-liquid
interfacial energy, and v is the molar volume of the solid.
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Size Effect on Phase Transition Temperature

At the solid-liquid equilibrium, with labeling the melting temperature
Tm for infinite particle size as T∞ at which

µs∞ = µl

where µl is the chemical potential of atoms in the liquid.
The entropy of melting is given by

∆sm =
∆hm
T∞

where ∆hm is the enthalpy or heat of melting.
A solid particle of size r, the chemical potential of atoms inside the
particle must be equal to the chemical potentials of atoms in the
liquid,

µsr = µs∞ +
2γslv

r
= µl
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Size Effect on Phase Transition Temperature

Assuming that the heat ∆hm and entropy ∆sm of melting are
independent of temperature, we have the melting temperature Tr of
particle size r,

µl − µs∞ = ∆hm − Tr
∆hm
T∞

= ∆hm
T∞ − Tr
T∞

then
µl − µs∞ = ∆hm

T∞ − Tr
T∞

=
2γslv

r

therefore,

Tr =

(
1− 2γslv

r∆hm

)
T∞

As r increases, Tr approaches to T∞.
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