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Helmholtz energy from partition function

@ The ensemble has v; microstates, the number of ways arranging these
is |
V.

Q=—

1/1!U2!V3! cee

@ Using Sterling's approximation, when N is large,

InN!~NInN - N

we have
IHQV:VIDV*V*Z(WIHW*VZ’)
—ZUZ lnuz/y :—Z/szlnpz
where
2 exp(—azﬂ)
Zh’—;—# NE

Kunok (KHU) Thermodynamics October 9, 2024 4/18



Helmholtz energy from partition function

@ Since the ensemble entropy is

S, =kglnQ, = —kgv Zpi In p;

)

@ Normalize total number of microstates v/, we have the average entropy

of the state,
S=—kg» pilnp;i=-kg Y pi(—cif—1nZ)

N

:kB(Eﬂ—f-an): —f—kBan

Rearrange to
keTlnZ =—-E+TS=-F

therefore,
F=—kgT'lnZz NIE
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Einstein Solid

@ The crystalline solid with 3N harmonic oscillators, which emulate the
lattice vibrations, at same frequency w. The energy of each oscillator is

i 1
En=—(n+-
kel <"+ 2>

At sufficiently high temperature T, when the energy of the oscillator is
much higher than kg7, the partition function for the single oscillator is

= hiw 1 —hw ) — —nhw
z= 7;)exp —kBT (n + 2) = exp <2kBT> %exp ( kel )
. (—fm)i . (-m) " exp (- hw/2ksT)
= e&X X _— =
P\2keT ) & | P\ b 1—exp ( — hw/ksT)

n—=
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Einstein Solid

@ In 3-D, there have to be 3/N harmonic oscillator, then

| exp(—hw/2kgT)
R exp (— hw/ksT)

e At 0K, when the system energy at given molar volume v is u(0, v),

then the partition function is
exp ( — hw/2kgT) ~ Nu(0,v)
P ke T

7= 1 —exp (— hw/kgT)
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Einstein Solid

@ The Helmholtz energy of Einstein solid is

exp ( — hw/2kgT)
1 —exp (— hw/kgT)

. hw

2 sinh <2kBT)
. hw

2 sinh (2k3T>
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F(T,V,N)=—-3NkgT In + Nu(0,v)

then can be rewritten by

F(T,V,N)= Nu(0,v) + 3NkgT In

@ The chemical potential of Einstein solid is

OF
wu(T,v) = (W)TV = u(0,v) 4+ 3kgT'In

NE



Einstein Solid

@ The entropy is
oF
5= <<9T>V,N = —3Nkgln (1 TP ( a 67&0))
3Nhw exp (— fhw)
T 1—exp ( - 577360)

@ The internal energy is
Nhw
U:F+TS:Nu(0,v)+§th+3—
2 exp (ﬁhw) -1

NE

Kunok (KHU) Thermodynamics October 9, 2024 10/18



Einstein Solid

@ The heat capacity of the Einstein solid us

exp (ﬁhw)
(exp (Bhw) — 1)2

_(oU - 2
cy = (W)W — 3Nkg(Bhw)

o At low temperature,

exp (5hw) —1~exp (Bhw)

therefore, )
Cy =3Nkg (ﬂhw) exp ( — Bhw)

NE

Kunok (KHU) Thermodynamics October 9, 2024 11/18



Einstein Solid

e At high temperature,
exp (Bhw) — 1~ fhw exp (Bhw) ~1

therefore,
Cy = 3Nkg
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Debye Solid

@ For Debye solid, one can obtain the Helmholtz free energy is

wp exXp | — Bl
F(T,V,N) = Nu(0,v) +/0 lln (1 - exg ( —2/372w)>] ijg“’2d°"

where wp is the Debye frequency.
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Debye Solid

@ Performing integration by parts,

F(T,V,N) = Nu(0,v) + D 1 3NkgTIn (1 - exp (—))

3Nh <k5T>
—dx
exp (z) — 1

where
hw huwp

kel P kT

xr =
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Debye Solid

o At low temperatures,
In (1 —exp(—z)) =0 Tp — 00

from Riemann integral, we have

o) $3 7T4
/0 exp (z) —1 15

then the Helmholtz free energy at low temperature is

9Nhwp Nh (kaT> 4

F = Nu(0 -
w0+ == ~ 53\ Th
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Debye Solid

@ The entropy is

g__(9F\  _4x'Nhke (keT')’
- \aT)yy 5 hwp

@ The constant volume heat capacity is

aS 1274Nkg / T \°
= T —_— = ————---- —_—
Cv <8T> NV 5 <TD>

where the Debye temperature
hwp
Tp = —2
D= T
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Debye Solid

@ At high temperature,

QNMD hWD

3NEkgT'1 — NkgT
+ B H(k T) B

F ~ Nu(0,v) +
B

OF fuwp
S = _<87—‘>N’V = —BNI{?B In <kBT) +4NkB

the heat capacity is

and

0S8
—7(Z — 3N
Ov <8T>NV She

)
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